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COMPLEX INTERPOLATION OF SMOOTHNESS
TRIEBEL-LIZORKIN-MORREY SPACES
Denny Ivanal Hakim, Toru Nogayama and Yoshihiro Sawano
Abstract. This paper extends the result in [8] to Triebel-Lizorkin-
Morrey spaces which contains 4 parameters p; q; r; s. This paper rein-
forces our earlier paper [8] by Nakamura, the rst and the third authors
in two dierent directions. First, we include the smoothness parameter
s and the second smoothness parameter r. In [8] we assumed s = 0 and
r = 2. Here we relax the conditions on s and r to s 2 R and 1 < r  1.
Second, we apply a formula obtained by Bergh in 1978 to prove our
main theorem without using the underlying sequence spaces.
1. Introduction
In [38], Yuan, Sickel and Yang dened the diamond subspace of the
smoothness Morrey spaces. The smoothness Morrey spaces are (recent)
generic names of Besov{Morrey spaces and Triebel{Lizorkin{Morrey spaces.
We aim to decribe the complex interpolation of a class of subspaces of
smoothness Morrey spaces dened in [38], which extend the results in [8].
Let 1 < q  p <1. For an Lqloc-function f , its Morrey norm is dened by:









where B(x;R) denotes the ball centered at x 2 Rn of radius R > 0. The
Morrey spaceMpq is the set of all Lq-locally integrable functions f for which
the norm kfkMpq is nite. We recall the denition of Triebel{Lizorkin{
Morrey spaces as follows. Let 1 < q  p < 1, 1  r  1 and s 2 R.
Choose ' 2 S so that B(2)  '  B(3) holds. Set
(1.2) '0 := '
and
(1.3) 'j := '(2
 j )  '(2 j+1)
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Next, we write
'j(D)g = F 1('jFg)








g()eixd (x 2 Rn);
for g 2 L1(Rn). Now, for f 2 S 0, we dene









The Triebel{Lizorkin{Morrey space Espqr is the set of all f 2 S 0 for which
the norm kfkEspqr is nite. The parameters r and s are sometimes called the
second smoothness parameter and the smoothness parameter, respectively.
Remark that the denition of Espqr does not depend on the choice of the
function ' (see [20, Theorem 1.4] or [29]).
We are interested in the following closed subspace of Espqr:
Denition 1. [38, Denition 2.23](smoothness space) Let 1 < q  p < 1
and 1  r  1. The space

Espqr denotes the closure with respect to Espqr of




Espqr in terms of the Littlewood-Paley decomposition,
which is a starting point of this paper.
Theorem 1.1. Let 1 < q  p <1, 1  r  1, and f 2 Espqr. Then f is in

Espqr, if and only if
PN
j=0 'j(D)f converges to f as N !1 in Espqr.





Es1p1q1r1 , where the parameters p0; p1; q0; q1; r0; r1 satisfy
(1.6)
p0 > p1; 1 < q0  p0 <1; 1 < q1  p1 <1;






Here, we may assume p0 > p1 due to symmetry between p0 and p1. To
state our main result, we need the following notation. Let (X0; X1) be a
compatible couple of Banach spaces. Let [X0; X1] and [X0; X1]
 be the
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rst and second Calderon complex interpolation space whose denition we




























; s := (1 )s0+s1:











For f 2 S 0 , we dene










Based on this notation, we state our main results as follows:
Theorem 1.2. Suppose that we have 13 parameters p0; p1; p; q0; q1; q; r; r0; r1;








Espqr \ [Es0p0q0r0 ; Es1p1q1r1 ]:










f 2 Espqr : lim
J!1
kS(f ; a; J; r; s)kMpq = 0

:
Theorem 1.3. Suppose that we have 13 parameters p0; p1; p; q0; q1; q; r; r0; r1;
s; s0; s1, and  satisfying (1.6) and (1.7). Then we have
(1.11) [Es0p0q0r0 ; Es1p1q1r1 ] = Espqr
with equivalence of norms.
Having stated the main result in this paper, let us investigate its relation
with the existing results. The corresponding results for the rst complex in-
terpolation of Triebel{Lizorkin{Morrey spaces was obtained by Yang, Yuan
and Zhuo (see [35, Corollary 1.11]). They proved the following theorem.
Theorem 1.4. [35, Corollary 1.11] Suppose that we have 13 parameters p0,
p1, p, q0, q1, q, r, r0, r1, s, s0, s1, and  satisfying (1:6) and (1:7). Then
(1.12) [Es0p0q0r0 ; Es1p1q1r1 ]  Espqr:
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Remark that (1.12) will be used in the proof of Theorem 1.3. As a corol-
lary of (2.4) to follow and Theorem 1.3, we have the corresponding result
for the rst complex interpolation of Tribel{Lizorkin{Morrey spaces which
renes (1.12).
Theorem 1.5. Suppose that we have 13 parameters p0, p1, p, q0, q1, q, r,
r0, r1, s, s0, s1, and  satisfying (1:6) and (1:7). Then
(1.13) [Es0p0q0r0 ; Es1p1q1r1 ] = Es0p0q0r0 \ Es1p1q1r1
Espqr :
Meanwhile, Nakamura, the rst and the third authors obtained the de-
scription of the interpolation of diamond Morrey spaces in [8], which we
describe below. Let 1 < q  p < 1. The space

Mpq denotes the closure
with respect toMpq of the set of all smooth functions f such that @f 2Mpq
for all multi-indices  [38].











Mp1q1 as the special case of r0 = r1 = r = 2 and
s0 = s1 = s = 0. Thus, we see that Theorem 1.2 extends [8, Theorem 1.9]
One of the diculties in dealing with the space

Mpq with 1 < q < p <1
is that this closed subspace does not enjoy the lattice property unlike many
other important subspaces dened in [6, 27, 38].
Let us now recall some progress in interpolation theory of Morrey spaces.
The earlier result about the interpolation of Morrey spaces can be traced
back in [28]. In [7, p. 35] Cobos, Peetre, and Persson pointed out that
[Mp0q0 ;Mp1q1 ] Mpq ;




















A counterexample by Blasco, Ruiz, and Vega [3, 22], shows that if we
assume (1.14) only, then there exists a bounded linear operator T from
Mpkqk (Rn) (k = 0; 1) to L1(Rn), but T is unbounded from Mpq(Rn) to
L1(Rn). By using the counterexample by Ruiz and Vega in [22], Lemarie-
Rieusset [14, Theorem 3(ii)] showed that if an interpolation functor F sat-
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holds. Lemarie-Rieusset [14, 15] also showed that Morrey space is closed
under the second complex interpolation method, namely,
(1.16) [Mp0q0 ;Mp1q1 ] =Mpq :
Meanwhile, as for the interpolation result under (1.14) and (1.15) by us-
ing the rst Calderon complex interpolation functor, Lu, Yang, and Yuan
obtained the following description:
[Mp0q0 ;Mp1q1 ] =Mp0q0 \Mp1q1
Mpq
(1.17)
in [16, Theorem 1.2]. Their result is in the setting of a metric measure space.
The generalization of the result of Lu et. al and Lemarie-Rieusset in the
setting of generalized Morrey spaces and generalized Orlicz{Morrey spaces
can be seen in [9]. The rst and third authors [10] also obtain a renement
of (1.17) as follows:
(1.18) [Mp0q0 ;Mp1q1 ] =

f 2Mpq : lim
a!0+
k(1  [a;a 1](jf j))fkMpq = 0

:
The complex interpolation of variable exponent Morrey spaces can be
found in [18]. As for the real interpolation results, Burenkov and Nursul-
tanov obtained an interpolation result in local Morrey spaces [4] and their
results are generalized by Nakai and Sobukawa to Buw setting [19]. In [35],
Yang, Yuan, and Zhuo considered the interpolation of smoothness Morrey
spaces considered in [11, 12, 13, 17, 20, 23, 26, 29, 32, 33, 36, 37, 38].
If we compare this paper with the work, we believe that the main tool
is Lemma 2.9, where the function \ log " plays the key role. An experience
obtained in [9] shows that the function \ log " is essential when we consider
the complex interpolation functor.
Let us explain why the interpolation of Morrey spaces are complicated un-
like Lebesgue spaces. From (1.16) and (1.18) we learn that the rst complex
interpolation functor behaves dierently from Lebesgue spaces. This prob-
lem comes basically from the fact that the Morrey norm Mpq involves the
supremum over all balls B(x;R). Due to this fact, we have many diculties
when 1 < q < p <1, namely:
(1) The Morrey space Mpq is not included in L1 + L1; see [10, Section
6].
(2) The Morrey spaceMpq is not reexive; see [27, Example 5.2] and [34,
Theorem 1.3].
(3) Let p0; p1; p; q0; q1; q satisfy (1:6). Let q < ~q < p. The spaces C
1
c ,
Mp~q , Mp0q0 \Mp1q1 are not dense in Mpq ; see [31, Proposition 2.16],
[24] and [9, 38], respectively.
(4) The Morrey space Mpq is not separable; see [31, Proposition 2.16].
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These facts prevent us from using many theorems in the textbook in [1].
We organize the remaining part of this paper as follows: Section 2 collects
some preliminary facts such as the property of the complex interpolation and
the maximal inequalities for Morrey spaces. We prove Theorems 1.2 and 1.3
in Section 3 except a key fact on G dened in Section 3. This fact will be
proved in Section 4.
2. Preliminaries
2.1. Complex interpolation functors. Let E be a subset of C and X be










If E is an open set in C, then O(E;X) denotes the set of all holomorphic
functions on E whose value assumes X.
Denition 2. Let U := fz 2 C : 0 < Re (z) < 1g and U be its closure.
We recall the denition of the complex interpolation functors as follows:
Denition 3 (Calderon's rst complex interpolation space, [1, 5]). Let
(X0; X1) be a compatible couple of Banach spaces.
(1) The space F(X0; X1) is dened as the set of all functions F : U !
X0 +X1 such that
(a) F 2 BC(U;X0 +X1),
(b) F 2 O(U;X0 +X1),
(c) the functions t 2 R 7! F (j + it) 2 Xj are bounded and contin-
uous on R for j = 0; 1.





kF (it)kX0 ; sup
t2R
kF (1 + it)kX1

:
(2) Let  2 (0; 1). Dene the complex interpolation space [X0; X1] with
respect to (X0; X1) to be the set of all functions f 2 X0 +X1 such
that f = F () for some F 2 F(X0; X1). The norm on [X0; X1] is
dened by
kfk[X0;X1] := inffkFkF(X0;X1) : f = F () for some F 2 F(X0; X1)g:
According to [5], [X0; X1] is a Banach space. See also [1, Theorem 4.1.2].
Now, we recall the denition of Calderon's second complex interpolation
space. Let X be a Banach space. The space Lip(R; X) is dened to be the
COMPLEX INTERPOLATION OF SMOOTHNESS TRIEBEL-LIZORKIN-MORREY SPACES105
set of all functions F : R! X for which
kFkLip(R;X) := sup 1<s<t<1
kF (t)  F (s)kX
jt  sj <1:
Denition 4 (Calderon's second complex interpolation space, [1, 5]). Sup-
pose that we have a pair (X0; X1) is a compatible couple of Banach spaces.
(1) Dene G(X0; X1) as the set of all functions G : U ! X0 +X1 such
that
(a) G is continuous on U and sup
z2U
 G(z)1+jzjX0+X1 <1,
(b) G is holomorphic in U ,
(c) the functions
t 2 R 7! G(j + it) G(j) 2 Xj
are Lipschitz continuous on R for j = 0; 1.
The space G(X0; X1) is equipped with the norm
kGkG(X0;X1) := max
kG(i)kLip(R;X0); kG(1 + i)kLip(R;X1)	 :(2.2)
(2) Let  2 (0; 1). Dene the complex interpolation space [X0; X1] with
respect to (X0; X1) to be the set of all functions f 2 X0 +X1 such
that




for some G 2 G(X0; X1). The norm on [X0; X1] is dened by
kfk[X0;X1] := inffkGkG(X0;X1) : f = G0() for some G 2 G(X0; X1)g:
The space [X0; X1]
 is called Calderon's second complex interpola-
tion space, or the upper complex interpolation space of (X0; X1).
One of the fundamental relations between the rst and the second complex
interpolation functors is as follows:
(2.4) [X0; X1] = X0 \X1[X0;X1]
according to the result by Bergh [2]. This relation explains why we start by
calculating the second interpolation in the proof of Theorems 1.3 and 1.5.
If we combine Lemmas 2.1 and 2.2 below, we see that (2.4) follows.
Lemma 2.1. [2] Let x 2 X0 \X1. Then kxk[X0;X1] = kxk[X0;X1] .
Lemma 2.2. [1, Theorem 4.22 (a)] The space X0\X1 is dense in [X0; X1].
A direct consequence of Lemma 2.2 is:
Lemma 2.3. [X0; X1]
  X0 \X1X0+X1.
106 D. I. HAKIM, T. NOGAYAMA AND Y. SAWANO
Proof. We observe that [X0; X1]
  [X0; X1]X0+X1 from the denition of
[X0; X1]
; see (2.3). In fact, for f 2 [X0; X1], there exists G 2 G(X0; X1)




for j 2 N and z 2 S. Then, Fj() 2 [X0; X1] and according to (2.3), we
have
f 2 [X0; X1]X0+X1 :
Since
[X0; X1] = X0 \X1[X0;X1]  X0 \X1X0+X1
from Lemma 2.2, it follows that [X0; X1]
X0+X1  X0 \X1X0+X1 . Putting
together these observations, we obtain the desired result. 
2.2. Operators on Morrey spaces. Let B denote the set of all balls in
Rn. We recall the denition and the fundamental property of the Hardy-
Littlewood maximal operator M .
Denition 5 (Hardy-Littlewood maximal operator). For a measurable func-
tion f , dene a function Mf by:







The mapping M : f 7! Mf is called the Hardy-Littlewood maximal opera-
tor.
Theorem 2.4. [25, Theorem 2.4], [29, Lemma 2.5] Suppose that the param-
eters p; q; r satisfy






























As a direct consequence of Theorem 2.4, we have the following lemma.
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Lemma 2.5. Let 1 < q  p <1, 1 < r  1, and J 2 N. Let fgjg1j=J be a






























Proof. Note that, for f 2 L1loc(Rn), we have
j'l(D)f j .Mf:(2.9)













































































2.3. Some inequalities. We use the following inequality which improves
slightly the one in [30].
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Lemma 2.6. [21, Lemma 2.17] Fix J 2 Z [ f 1g. Let fajg1j=J be a non-















Here, we assume there is a non-zero aj.
When we consider the complex interpolation of the second kind of classical
Morrey spaces, we are faced with the function j log jf jj 1 in the proof; see
[9]. To take an advantage of this \ log " factor fully, we will use the following
series of lemmas:
Lemma 2.7. Let 1  r <1 and z 2 C be such that Re(z)  0. Then there




















for every s > 1.
Lemma 2.8. Let 1  r < 1 and x t 2 R. Then there exists a constant










for all s > 0 with s 6= 1.
As we have mentioned, the function of the form j log jf jj 1 plays a cru-
cial role for later considerations. We will need some variant including the
logarithm. We use the functions dened by
















for t;  > 0 and 1  r <1.















for all nonnegative square summable sequences fajg1j=0.
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Proof. Assume rst that  2 (0; 1). In this case,
(2.16) (t1) & (t2)
























































For the case   1, observe that (t) satises
(2t)  2(t)(2.17)
for all t > 0. In addition, we also can choose C2 > 0 such that
(t1)  C2(t2)(2.18)
for every t1  t2. Write R :=
P1
j=0 aj
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for every t 2 (0; a) [ (a 1;1).



















































































































































































For checking the holomorphicity of the second complex interpolation func-
tor, we invoke the following lemma:
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Lemma 2.11. [9, Lemma 3] Let h 2 C and " > 0. Assume that " > 2jhj.










exp(h log t)  1h log t   1
  C"jhj:(2.21)
Lemma 2.12. Suppose that we have 13 parameters
p0; p1; p; q0; q1; q; r; r0; r1; s; s0; s1; 












































Combining (2.22) and (2.23), we obtain the desired result. 
3. Proofs
3.1. Proof of Theorem 1.3. According to [35, Corollary 1.11], we have
(3.1) [Es0p0q0r0 ; Es1p1q1r1 ]  Espqr
with equivalence of norms. Based on (3.1), we shall establish (1.11) as
follows: First, if G 2 G(Es0p0q0r0 ; Es1p1q1r1). Then
Fj(z) :=  i2j(G(z + 2 ji) G(z))
belongs to F(Es0p0q0r0 ; Es1p1q1r1) and the norm is less than or equal to kGkG(Es0p0q0r0 ;Es1p1q1r1 ).
According to (3.1), we have
kFjkEspqr . kGkG(Es0p0q0r0 ;Es1p1q1r1 ):
Since Fj ! G() as j !1 in Es0p0q0r0 + Es1p1q1r1 , and hence in S 0(Rn), by the
Fatou property kG()kEspqr . kGkG(Es0p0q0r0 ;Es1p1q1r1 ).
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Conversely, let f 2 Espqr with norm 1. Dene linear functions 1; 2; 3; 4














for l = 0; 1. Since k() = (1   )k(0) +  k(1), k() = 0 for k = 1; 2; 3






















In Section 4, we prove
(3.2) G 2 G(Es0p0q0r0 ; Es1p1q1r1):
So,
kfk[Es0p0q0r0 ;Es1p1q1r1 ]  kG
0kG(Es0p0q0r0 ;Es1p1q1r1 ) . 1:
3.2. Proof of Theorem 1.1. Suppose that
PN
j=0 'j(D)f ! f in Espqr as






































COMPLEX INTERPOLATION OF SMOOTHNESS TRIEBEL-LIZORKIN-MORREY SPACES113
Suppose instead that f 2

Espqr. Let " > 0 be arbitrary. Then by the
denition of

Espqr, we can nd g 2 Espqr such that @g 2 Espqr and that












































Since F 1'k() = 2knF 1'(2 k), we can use the Hardy-Littlewood maxi-



































'k 1() + 'k() + 'k+1()
j2 kj2 :
Then we have 'k(D)g =  2 2k'k(D)'k(D)[g]: Inserting this relation into
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as long as N  N0.









 Ckf   gkEspqr  C":























 (2 + C)";
as required.









f 2 Espqr : lim
J!1
kS(f ; a; J; r; s)kMpq = 0

in (1:10).




Es1p1q1r1 ]. By Lemmas 2.3 and 2.12, we have








f = fk + fk;0 + fk;1;
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where fk 2

Espqr, fk;0 2 Es0p0q0r0 , fk;1 2 Es1p1q1r1 for each k 2 N and
kfk;0kEs0p0q0r0 + kfk;1kEs1p1q1r1  k
 1:
For 0 < a < 1 and b > 0, we see that










1AS(f ; a; J; r; s)





































then we have the desired result. By setting
A(t) := max(0; (t A)(A 1   t))r (t 2 R);










in Mpq for all A > 0.
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Recall that we are assuming r0 = r1 = r and s0 = s1 = s. By using

















































































Finally letting k !1, we obtain (3.4).









f 2 Espqr : lim
J!1
kS(f ; a; J; r; s)kMpq = 0

:
Let f 2 Espqr be such that lim
J!1
kS(f ; a; J; r; s)kMpq = 0 for all 0 < a < 1.
We suppose that f has Espqr-norm 1. Choose ' 2 S so that '  0 and
B(2)  '  B(3): Write '0 := ' and 'j :=
p
'0(2 j )2   '0(2 j+1)2 for
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For z 2 U , we dene

































Es1p1q1r1 ], as desired.
3.4. The description of the rst interpolation. We readily obtain the





Es1p1q1r1 ]  [Es0p0q0r0 ; Es1p1q1r1 ]:
We thus obtain one of the inclusions in (1:9). We concentrate on the opposite
direction. We choose  so that
supp( )  B(8)
and dene
'j :=  (2
 j )   (2 j+1):
Write 'j = '(2
 j ) as before.
Let f 2

Espqr \ [Es0p0q0r0 ; Es1p1q1r1 ]: Then since f 2

Espqr, we have




in Espqr. We write fJ :=  (D)f +
JX
j=1
'j(D)f: By virtue of Theorem 1.3 and
fJ   fJ 0 2 [Es0p0q0r0 ; Es1p1q1r1 ] for any J; J 0 2 N, we can use (1.11) and (2.4) to
have
kfJ   fJ 0k[Es0p0q0r0 ;Es1p1q1r1 ] = kfJ   fJ 0k[Es0p0q0r0 ;Es1p1q1r1 ]  kfJ   fJ 0kEspqr :
Since fJ   fJ 0 2 [Es0p0q0r0 ; Es1p1q1r1 ] and supp(F(fJ   fJ 0)) is a compact set in





FJ;J 0() = fJ   fJ 0 ; kFJ;J 0kF(Es0p0q0r0 ;Es1p1q1r1 ) . kfJ   fJ 0k[Es0p0q0r0 ;Es1p1q1r1 ] :
COMPLEX INTERPOLATION OF SMOOTHNESS TRIEBEL-LIZORKIN-MORREY SPACES119
Thus, it follows that






 kFJ;J 0kF(Es0p0q0r0 ;

Es1p1q1r1)
. kFJ;J 0()k[Es0p0q0r0 ;Es1p1q1r1 ]
. kfJ   fJ 0kEspqr :
Here we used [35, Corollary 1.11] for the last inequality. Hence ffJg1J=1 is




Es1p1q1r1 ]. Since ffJg1J=1 converges to f in





4. Proof of (3.2) and (3.9)
Let p0; p1; p; : : : be the same parameters as before. We check the condi-




Es1p1q1r1) by proving the following lemmas.
Lemma 4.1.
(1) Let f 2 Espqr. For z 2 U , we have G(z) 2 Es0p0q0r0+Es1p1q1r1. Moreover,
sup
z2U






(2) Let f 2














Proof. We concentrate on (4.2); the proof of (4.1) being simpler. For each














 1  '(D)f  fV(f)1g

;
F1(z) := F (z) F0(z); G0(z) :=
Z z

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Let J 2 N\ [5;1). We use (2.6), (2.9), and the fact that 'l'j = 0 whenever





























































. kI1kMp0q0 + kI2kMp0q0(4.6)
where
I1






















Vj(f)Qz   Vj(f)Qlog(Vj(f)) fVj(f)1g
r
1A 1r :
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By virtue of Lemma 2.6, we get
(4.7)
kI1kMp0q0
. (1 + jzj)










. (1 + jzj)












We combine Lemmas 2.7, 2.9, and 2.10 to obtain




















































Therefore, by combing (4.6), (4.7) and (4.8), and then taking J ! 1 and
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Combining (4.9) and Lemma 2.6, we have
kG0(z)kEs0p0q0r0
. (1 + jzj)k'(D)fk
p
p0



















By a similar argument
kG0(z)kEs0p0q0r0




Thus, (4.2) follows from (4.10) and (4.11). 
Lemma 4.2.
(1) Let f 2 Espqr. Then the function G : U ! Es0p0q0r0 + Es1p1q1r1 is contin-
uous and G : U ! Es0p0q0r0 + Es1p1q1r1 is holomorphic.
(2) Let f 2











Proof. We suppose f 2

Espqr. The case of f 2 Espqr can be handled similarly.
Let z1; z2 2 U . By virtue of (2.9) and Theorem 2.4, we have
kG0(z1) G0(z2)kEs0p0q0r0
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= kG0(z1) G0(z2)kEs0p0q0r0
.




























Combining (4.12) and Lemma 2.6, we get
kG0(z1) G0(z2)kEs0p0q0r0
. jz1   z2jk'(D)fk
p
p0








































This implies the continuity of G. Furthermore, for every z 2 U , we have





Let k = 0; 1 and t1; t2 2 R. By a similar argument for obtaining (4.6), we
have
(4.16) G(k + it1) G(k + it2) 2 Eskpkqkrk
if f 2 Espqr and we have






Lemma 4.3. Let k = 0; 1. Let f 2 Espqr with norm 1.
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(1) Then the function t 2 R 7! G(k + it)   G(k) 2 Eskpkqkrk is Lipschitz
continuous.
(2) Assume r0 = r1 = r and s0 = s1 = s. Let f 2

Espqr. Then the
function t 2 R 7! G(k+ it) G(k) 2

Eskpkqkrk is Lipschitz continuous.
Proof. We suppose f 2

Espqr. The case of f 2 Espqr can be handled similarly.







. kI1kMp0q0 + kI2kMp0q0 ;(4.18)
where


























By virtue of Lemma 2.6, we get
(4.19)
kI1kMp0q0
. jt1   t2j










. jt1   t2j
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We combine Lemmas 2.8, 2.9, and 2.10 to obtain








. (1  [a;a 1](S(f ; r; s)))	 p
p0







































Therefore, by combining (4.18), (4.19) and (4.20), and then taking J !1
















Now we prove the second part of this lemma. From (2.9) and Theorem
































By virtue of Lemma 2.6, we get
kG(it1) G0(it2)kEs0p0q0r0
. jt1   t2jk'(D)fk
p
p0
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By a similar argument, we also have
kG(1 + it1) G0(1 + it2)kEs1p1q1r1






The authors are thankful to Professors Wen Yuan and Dachun Yang for
his helpful discussion.
References
[1] J. Bergh and J. Lofstrom, Interpolation spaces. An introduction. Grundlehren der
Mathematischen Wissenschaften, no. 223. Springer-Verlag, Berlin-New York, 1976.
[2] J. Bergh, Relation between the 2 complex methods of interpolation, Indiana University
Mathematics Journal, 28(5), (1979), 775{778.
[3] O. Blasco, A. Ruiz and L. Vega, Non-interpolation in Morrey-Campanato and block
spaces, Ann. Scuola Norm. Sup. Pisa Cl. Sci., 28, (1999), 31{40.
[4] V.I. Burenkov and E.D. Nursultanov, Description of interpolation spaces for local
Morrey-type spaces. (Russian), Tr. Mat. Inst. Steklova, 269 (2010), Teoriya Funkt-
sii i Dierentsialnye Uravneniya, 52{62; translation in Proc. Steklov Inst. Math. 269
(2010).
[5] A.P. Calderon, Intermediate spaces and interpolation, the complex method, Studia
Math., 24, (1964), 113{190.
[6] L. Caso, R. D'Ambrosio, and S. Monsurro, Some remarks on spaces of Morrey type.,
Abstr. Appl. Anal., Art. ID 242079, 22 pp. ( 2010).
[7] F. Cobos, J. Peetre and L. E. Persson, On the connection between real and complex
interpolation of quasi-Banach spaces, Bull. Sci. Math., 122, (1998), 17{37.
[8] D.I. Hakim, S. Nakamura, and Y. Sawano, Complex interpolation of smoothness Morrey
subspaces, Constr. Approx., 46 (2017), 489{563.
[9] D.I. Hakim and Y. Sawano, Interpolation of Generalized Morrey spaces, Rev. Mat.
Complut., 29, Issue 2, (2015), 295{340.
[10] D.I. Hakim and Y. Sawano, Calderon's First and Second Complex Interpolations of
Closed Subspaces of Morrey Spaces, J. Fourier Anal. Appl., 23 (2017), no. 5, 1195{1226.
[11] D.D. Haroske and L. Skrzypczak, On Sobolev and Franke-Jawerth embeddings of
smoothness Morrey spaces, Rev. Mat. Complut., 27, no. 2 (2014), 541{573.
[12] D. D. Haroske and S. D. Moura and L. Skrzypczak, Smoothness Morrey Spaces of
regular distributions, and some unboundedness property, Nonlinear Anal., 139 (2016),
218{244.
[13] K.P. Ho, Littlewood-Paley spaces, Math. Scand., 108, no. 1 (2011), 77{102.
[14] P.G. Lemarie-Rieusset, Multipliers and Morrey spaces, Potential Anal., 38, no. 3
(2013), 741{752.
COMPLEX INTERPOLATION OF SMOOTHNESS TRIEBEL-LIZORKIN-MORREY SPACES127
[15] P.G. Lemarie-Rieusset, Erratum to: Multipliers and Morrey spaces, Potential Anal.,
41, no. 3 (2014), 1359{1362.
[16] Y. Lu, D. Yang, and W. Yuan, Interpolation of Morrey Spaces on Metric Measure
Spaces, Canad. Math. Bull., 57, (2014), 598{608.
[17] A. Mazzucato, Decomposition of Besov-Morrey spaces, Harmonic analysis at Mount
Holyoke (South Hadley, MA, 2001), Contemp. Math., 320, Amer. Math. Soc., Provi-
dence, RI, (2003), 279{294.
[18] A. Meskhi, H. Rafeiro, and A. Muhammad, Interpolation on variable Morrey spaces
dened on quasi-metric measure spaces, J. Funct. Anal., 270 (2016), no. 10, 3946{3961.
[19] E. Nakai and T. Sobukawa, Buw-function spaces and their interpolation, Tokyo J. of
Math., 39 no. 2, (2016), 483{517.
[20] S. Nakamura, T. Noi, and Y. Sawano, Generalized Morrey spaces and trace operator,
Sci. China Math., 59 no. 2, (2016), 281{336.
[21] T. Noi and Y. Sawano, Complex interpolation of Besov spaces and Triebel{Lizorkin
spaces with variable exponents, J. Math. Anal. Appl., 387 no.2 (2012), 676{690.
[22] A. Ruiz and L. Vega, Corrigenda to Unique continuation for Schrodinger operators
with potential in Morrey spaces and a remark on interpolation of Morrey spaces, Publ.
Mat., 39, (1995), 405{411.
[23] Y. Sawano, Wavelet characterization of Besov/Triebel-Lizorkin-Morrey spaces, Func-
tiones et Approximatio, 38 (2008), 7{21.
[24] Y. Sawano, A non-dense subspace in Mpq with 1 < q < p < 1, Trans. A. Razmadze
Math. Inst., 171 (2017), no. 3, 379{380.
[25] Y. Sawano and H. Tanaka, Morrey spaces for non-doubling measures, Acta Math.
Sinica, 21 no. 6, (2005), 1535{1544.
[26] Y. Sawano and H. Tanaka, Decompositions of Besov-Morrey spaces and Triebel-
Lizorkin-Morrey spaces, Math. Z., 257 no. 4, (2007), 871{905.
[27] Y. Sawano and H. Tanaka, The Fatou property of block spaces, J. Math. Sci. Univ.
Tokyo., 22, (2015), 663{683.
[28] G. Stampacchia, The spaces L(p;); N (p;) and interpolation. Annali della Scuola Nor-
male Superiore di Pisa-Classe di Scienze, 19 no. 3, (1965), 443{462.
[29] L. Tang and J. Xu, Some properties of Morrey type Besov-Triebel spaces, Math.
Nachr., 278 (2005), 904{917.
[30] H. Triebel, Theory of Function Spaces, Birkhauser, Basel, 1983.
[31] H. Triebel, Hybrid Function Spaces, Heat and Navier-Stokes Equations, Tracts in
Mathematics 24, European Mathematical Society, Zurich, 2015.
[32] D. Yang and W. Yuan, A new class of function spaces connecting Triebel-Lizorkin
spaces and Q spaces, J. Funct. Anal. 255 (2008), 2760{2809.
[33] D. Yang and W. Yuan, New Besov-type spaces and Triebel-Lizorkin-type spaces in-
cluding Q spaces, Math. Z. 265 (2010), 451{480.
[34] D. Yang and W. Yuan, Dual properties of Triebel-Lizorkin-type spaces and their ap-
plications, Z. Anal. Anwend., 30, (2011), 29{58.
[35] D. Yang, W. Yuan, and C. Zhuo, Complex interpolation on Besov-type and Triebel-
Lizorkin-type spaces, Anal. Appl. (Singap.), 11 (2013), no. 5, 1350021, 45 pp.
[36] W. Yuan, Y. Sawano, and D. Yang, Decompositions of Besov-Hausdor and Triebel-
Lizorkin-Hausdor spaces and their applications, J. Math. Anal. Appl., 369 (2010),
736{757.
[37] W. Yuan, W. Sickel, and D. Yang, Morrey and Campanato meet Besov, Lizorkin and
Triebel, Lecture Notes in Mathematics, 2005. Springer-Verlag, Berlin, 2010. xii+281
pp.
128 D. I. HAKIM, T. NOGAYAMA AND Y. SAWANO
[38] W. Yuan, W. Sickel, and D. Yang, Interpolation of Morrey-Campanato and Related
Smoothness Spaces, Sci. Math. China. 58, no.9 (2015), 1835{1908.
D. I. Hakim
Department of Mathematics, Bandung Institute of Technology,
Jl. Ganesha 10 Bandung 40132, Indonesia
e-mail address: dhakim@math.itb.ac.id
T. Nogayama
Department of Mathematics and Information Sciences,
Tokyo Metropolitan University,
1-1 Minami-Osawa,
Hachioji-shi, Tokyo, 192-0397, Japan
e-mail address: toru.nogayama@gmail.com
Y. Sawano
Department of Mathematics and Information Sciences,
Tokyo Metropolitan University,
1-1 Minami-Osawa,
Hachioji-shi, Tokyo, 192-0397, Japan
e-mail address: yoshihiro-sawano@celery.ocn.ne.jp
(Received April 29, 2017 )
(Accepted August 11, 2017 )
